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INTRODUCTION

The following theorem of Hobby and Rice [6] plays a central role in this
paper.

TaeorReM (Hobby-Rice). Let {iy(t),..., u,(t)} be any sequence of linearly
independent functions in L0, 1]. Then there exist points 0 = =, < 7, << = <
Ty < Tey1 — 1, k < n, Such that

L Tit1
Y[ w@dt =0, I=12..n
=0 7

This theorem is also valid when the Lebesgue measure, dt, is replaced by
any finite nonatomic measure du on [0, 1] and I1[0, 1] is replaced by
L(dp; [0, 1]). This form of the Hobby-Rice theorem will not concern us
here.

The proof of the above result given by Hobby and Rice relies upon the
antipodal mapping theorem of Borsuk. Their proof is complicated by the
construction of the mapping to which the Borsuk theorem is applied.
Recently, by a clever choice of the mapping function, Pinkus [15] discovered
a very short proof of the Hobby-Rice theorem which avoids this difficulty.
We will give below yet another proof which shows the relationship of the
Hobby-Rice theorem to the Gohberg-Krein theorem on n-widths; see
Lorentz [11, p. 137].

As far as we are aware, the main application of the Hobby—Rice theorem
(in the generality stated above) is in its use in proving the following result
of Krein [10]: There exists no finite-dimensional subspace ¥ of I'0, 1}
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which admits for every fe L'[0, 1] a unique best L' approximation by
elements of V. This important result on L* approximation can also be proven
by elementary methods, see [10].

Another use of the Hobby-Rice theorem allows one to obtain good L1
approximations to f from U = U(uy, ,..., u,,), the linear subspace spanned
by ty(2),..., u,(t), by interpolating f at the “canonical” points {7; : 1 < i < k}.
This program raises several questions concerning the points whose existence
is asserted in the Hobby—Rice theorem. Specifically, what is the value of %,
are the points unique, can we indeed interpolate at these points, and when is
the interpolant a best L' approximation to f?

The purpose of this paper is an attempt to give a satisfactory answer to
these questions when U is a weak Chebyshev subspace (see Section 1 for a
definition of this familiar notion). We will subsequently apply our results
to I* approximation by weak Chebyshev systems and discuss their relation-
ship to recent results of Karlin on interpolating perfect splines [7] (see also
de Boor [1]). Let us emphasize here that the necessity of examining these
questions for weak Chebyshev subspaces is dictated by the recent application
of spline functions to the solution of certain extremal problems in L= as
discussed by Karlin [7], Micchelli and Miranker [12], and Micchelli, Rivlin,
and Winograd [14]. For a discussion of the relationship of the Envelope
Theorem of [12] to the result in [7, 14] see [19].

In the last section of the paper we include some remarks related to an
extremal problem studied by de Boor in [2].

Now, let us give a proof of the Hobby—Rice theorem.

Proof. Clearly, we may assume without loss of generality that
t(2),..., u,(t) are continuous in [0, 1]. The Gohberg—Krein theorem tells us
that for every ¢ > 1 there exists a nontrivial polynomial p, of degree <n
such that its best approximation in L2[0, 1] by the subspace U = U(uy ,..., Un)
is zero. Thus

1
fo | P sgn p) w(t) dt = 0,  I1=1,2,..n

Normalize p, so that ftl, | pt)| dt = 1. Since p, has at most n zeros we may
pass to the limit above, ¢ — 1+, perhaps through a subsequence, and prove
the theorem.

Let us note that the proof of the Gohberg—Krein theorem, given in Lorentz
[11], uses the antipodal mapping theorem. When U is a weak Chebyshev
subspace an elementary proof of the Hobby—Rice theorem is available. This
proof which we present in Section 1 employs a variational argument based
on a recent result of Zielke [18]; see also Zalik [17] on the existence of
Chebyshev extensions.



(8]

L' APPROXIMATION BY CHEBYSHEV SYSTEMS
i. BEST L' APPROXIMATION BY WEAK CHEBRYSHEV SYSTEMS

Let us recall that a sequence of real-valued functions {;(x),..., u,(x)},
continuous on [0, 1], is called a Chebyshev system on the open interval
(0, 1) provided that the nth order determinant

U (u1 “n) = det || u{x,)]

X1 eees Xy

is strictly positive for 0 < x; < - < x, < 1. A linearly independent
sequence of continuous real-valued functions {u(x),..., u,(x)} is called a
weak Chebyshev system provided that the above determinant is nonnegative
for 0 < x, < - < x,, << 1. We will denote by U {(=U(u, ,..., u,)) the linear
subspace spanned by the functions u,(x),..., u,(x). Also, the convexity cone K
(=K(uy ,..., u,)) consists of all real-valued functions f defined on (0, 1) for
which the determinant

U( Uy yeeey U 5 | \

X1 seees Xpy Xpoy/

is nonnegative for 0 << x; < - < x4, < L.

We will also use the terminology that U is a weak Chebyshev subspace
of C[0, 1] of dimension n, provided that U is a linear space spanned by some
weak Chebyshev system {u(x),..., #,(x)}. When we speak of the convexity
cone K (=K(U)) of U we mean the set K(uy ,..., ) U —K{(uy ,..., 1i,). This
set is invariant under a change of basis in U. The class of all functions in K
which are continuous on the closed interval {0, 11 will be denoted by X,
(=K[U)).

LemMmA 1. Let U be a weak Chebyshev subspace of dimension n of C[0, 1].
Suppose h e L*[0, 1], meas{x: h(x) = 0} = 0, and j% Hx)uw(x)dx =0, ue U.
Then h has at least n sign changes in [0, 1].

Proof. Suppose to the contrary that /4 has / sign changes with /| < n
occurring at occurring at 0 << vy < - << 7, < 1; then

i Ti4l
3 (hl)iJ‘ h(x) u(x)dx = 0,  we U (1
i=0 7

Ford > 0and U = Uy ,..., u,), we define

ui; 8) = (132mP) [ Cexp(—(x — 1228 ) dr, i — 1,
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then {u,(x; 8),..., u,(x; 8)} is a Chebyshev system and lim_ o+ #,(x; 8) = u;(x),
xe(0,1),i=1,2,...,n; see Karlin and Studden [9].

Forany § > 0, thereis a u(x; §) = X, a;%u;(x; 8) with (—1) u(x; 8) > 0,
xe(r;, 7z, 1 =0,1,.., 1/ and normalized so that max{] u(x;d):
0 < x < 1} = 1; see Karlin and Studden [9]. Thus there exists a sequence
8, — 0+ such that u(x;8,) — u(x), x€(0,1), where u(x) is a nontrivial
element of U with (—1Yu(x) =0, xe(v;, 1341), i = 0, 1,..., . We may
substitute u into (1) and conclude that |, 3 | A(x)| - | u(x)| dx = 0. This contra-
diction implies that k¥ = » and the lemma is proved.

Remark 1. The hypothesis that meas{x: 4#(x) = 0} = 0 in Lemma 1 is
essential as it is possible that U may have lower dimension on subintervals
of (0, 1). This frequently occurs when dealing with spline functions. However,
when U is spanned by a Chebyshev system on (0, 1), that is, U is a Chebyshev
subspace, this does not happen. In this case the hypothesis on # may be
replaced by the weaker requirement that meas{x: A(x) # 0} > 0.

An immediate application of the Hobby-Rice theorem and Lemma 1
gives

LemMA 2. Let U be a weak Chebyshev subspace of dimension n. Then there
exists a set of points, 0 = 7y <7y < 7, < Tpyy = 1, such that

_f 1y [ ) de =0,  uel. )

We will now give a variational proof of this lemma.

Proof. Let U, denote the subspace spanned by the functions {u,(x; 8),...,
uy(x; 8)}, and choose a function u, 4(x; 8) so that {u,(x; d),..., #,1(x; 3)}
is also a Chebyshev system. The existence of a function with this property
was recently proved by Zielke [18]; see also Zalik [17].

Consider the minimum problem

min fl [ tpiq(x; 8) — u(x)] dx.

uelUs

Since, for every u € Uy, the function u,_(x; 8) — u(x) has at most n zeros
on [0, 1], we may use a standard variational argument and conclude that
there exist points 0 = 7% < 7% < = < 72 < 79, = 1, k < n, with

% o
y (——l)if Sl ®dy =0, j=12..n 3)
=1 7

We may easily pass to the limit in (3), perhaps through a subsequence, and
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conclude that there exist points 0 = 7y < 7y < - <7y <7y = LI << ny
such that

T4

1
u(x)dx = 0, ve U.

4
¥ (= |
i=1 T¢
According to Lemma 1, / = #n and thus the proof is complete.
QOur intention now is to give a sufficient condition on U which implies that
we may interpolate at +y,..,7,. To this end, we define for every
0 < x, << < x, <1aconvex cone in R",

Ulxy ey %] = {(F (X1)5.00s f(x)): f € KUD}-

The dimension of Ulx, ,..., x,] is defined to be the dimension of the smaliest
linear subspace of R* containing U[x, ,..., X,,].

LeMMA 3. Let U be a weak Chebyshev subspace of dimension n and suppose
Sfurther that for every 0 < x; < - < x,, < 1, Ulxy ,..., X, has dimension n.
Then we may interpolate ar the points constructed in Lemma 2; that is, if
veUand u(r;) =0,i =1,2,..,n, then u = 0.

Proof. Suppose to the contrary that there exists a nontrivial element of U
which vanishes at 7, ,..., 7, ; then it follows that det| u;,(7;)|l = 0. Hence
there exist constants ¢ ,..., ¢y, Z;;l ¢ # 0, such that Y, cu(r;) =0,
u € U. Our hypothesis on the cone Ulx, ,..., X,] guarantees that there exists
an fe K, with 37 ; ¢; f(r;) # 0. Thus we may choose a constant d such that

n | pTidL 7 . )

Y0 [ eyd—dY cigr) =0, g Ul f) &)
i=0 ¢ i=1

Since f'e K, — U we may, as in the proof of Lemma 1, construct a nontrivial

function o(x) = aof(x) + To, au(x) which satisfies the condition

{(—1Yox) =0, xe(r;, 1301), § = 0, 1,..., n. Hence, in particular, v(r;) = 0,

i =1,2,..,n, and according to (4) we obtain

i
[ e ax = o;
[
this contradiction proves the lemma.

TueoreM 1. Suppose U = Uy, ...., u,,) is a weak Chebyshev subspace of
dimension n of C[0, 1] and for every 0 << x; < - < x, < 1, Ulxy,..., x,]
has dimension n. Then every fe KAU) has a unique best L' approximation by
elements of U. Furthermore, the best approximation to f is determined by
the condition that it interpolates f at vy ,..., 7, .
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Proof. The proof of this theorem is a standard consequence of Lemma 3
and the definition of K,. The details are as follows. Let us assume for
simplicity that fe Ky ,..., #,). According to Lemma 3, there is a unique
element u#,e U which interpolates f at =,,..,7,. We may express the
difference f(x) — uy(x) as a ratio of determinants

det (u1 yeees Uy ,f)

TL yeees Ty 5 X

det (ul yeens un)

Ty 9eers Ty

FO) — up(x) =

This equation implies that (—1)*"(f(x) —uy(x)) =0, x€(r;, Ti0),
i=0,1,.,n Hence for any ue U

) 17 — o)) dx

= i (—1)i+= fwrl (f(x) — uy(x)) dx

kK

= 3 v [ 0 — ue) dx

. 75

.
=]

<[ 1) — u() d.

Furtheremore, if for some u € U equality is achieved in the above inequality
then (—D#n(f(x) — u(x)) >0, xe(r;, 7iy), i =0, 1., n Hence
f(m) = u(ry),i =1, 2,..., n, and so, by Lemma 3, # = u, . Thus the theorem
is proved.

Let us observe that

» LT
o)=Y (=) [ swyar
=0 73
is a norm one linear functional on L0, 1] which annihilates U, and for
fe Kﬂ(ul 25 un)

) 1) — )] dx = (— 1) Mf — 1) = (— 1) ACF).
Thus, if f'e K(uy ..., u,) — U, then (—1)" A(f) > 0.

THEOREM 2. Let U be a weak Chebyshev subspace of dimension n of
C[0, 1]. Suppose that the smallest closed linear subspace (relative to L*[0, 11)
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containing K(U) contains a Chebyshev subspace of dimension n on (0, 1).
Then the points of Lemma 2 are unique.

Proof. Suppose to the contrary that there exists another set of points
0=1¢§ <& < <&, < €,y = 1 such that

7 £i11
Y (Ai)ff u(xydx =90, uel,
J=0 £

There exists an f'e K, such that

n €01 n Tk
YO [ @d £ LY [ ey

i
since otherwise,

€.

el

+1
g(@) dt

ATj
T

“eyd =3 (-1 |

j i

for all g in some Chebyshev subspace of dimension n, and, according to
Lemma 1 and the remark following it, this is impossible unless &; = +;,
i = l,...,n. Let us assume without loss of generality that fe K (u, ...., u,)
where U = Uy ,..., u,). Since f'is necessarily not in U the remarks following
Theorem 1 tell us that

s

i
(=1

£

(—1)in f ) dx >0
£;

and

(—1y | "ty dx > 0.

T

s

<
Il
-

Therefore there exists a positive constant ¢ = 1 such that
L P " Cpfin
Y[ g@dx ¢ Y (1) [ e dx =0, ge Ut ).
j=0 73 =0 “éy

&)

Now, the above equation has the form J’é h(x) g(x) dx = 0, where & has
exactly # strict sign changes. But Uy, ,..., u,,f) is a weak Chebyshev
subspace of dimension » - 1. This contradicts Lemma 1, unless we abandon
our original hypothesis that the points 74 ,..., 7,, are not unique.

4
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2

Let us now turn to some applications of the previous results. We denote
by Su,r = Sp.(x1,..., x;) the class of spline functions of degree n — 1
(n > 2) with knots x, ,..., x, in (0, 1). Thus S, , = Uy, ,..., Up,,), Where
ut) =174 i = L,n, Uy (t) =@ —x)7" j=1,..,r, and S,, is a
weak Chebyshev subspace of dimension n -+ r [9].

LEMMA 4. The smallest linear subspace containing K[(S,,) contains
cro, 11.

Proof. Every fe C?[0, 1] is representable as

" FON0) 1
7 = Eofjg G

y i J,ac;cﬂ (x — 1)1_1((]((%)0))_‘_ _ (—f(")(t))+) dt,

k=0 "%

X9 = 0, x,; = 1. Thus it is sufficient to prove that the function

Lp41
Fo) = [ —optemd,  0<k<n, ©)
g
where g(¢) = 0, € (x, , Xi1q), is in K(S,..,). The proof of this fact is easy.
Using representation (6) we compute the determinant

det (ul yeews Uppp F)

tl PERRE tn+7‘+1

to be

@
(__1)7c+r f el det (ul seevs Uil s Us 5 Upigga oeves u'n+r) g(o_) do
2

o tl s seey z"}'L—}—’I‘+1

where u, () = (¢t — o). Since {us(2),..., Un (1), Us(t), Unizs1(D)seers Uneo(E)}iS
a weak Chebyshev system for o € (x;, X;.4), we conclude that (—1)*" Fe
K.(u, ..., ty.,), and the proof is finished.

The proof of Lemma 4 also shows that any fe€ C*[0, 1] with f* changing
signs only at x ,..., x, is in K,(S,, ,).

A perfect spline function P of degree n with knots at & ,.., &,
0=¢ <& < <§ < &4y = 1is any function of the form

n—1 r

JFS 7351
PE) =Y ax’ +d Y (—1) | e — o,
j=0 =0 £;
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Note that P e C*H— o0, o) and (—1) PP (x) =d(n — Dlforxe(§;, &),
ji=01.,r

THEOREM 3. There exists a unique perfect spline P, with n -+ r knots
0 =1y <1 < " < Tpor < Trary = 1 Such that PP(0) = PP(1) =6,
i=0,1L.,0—1,Px;)=0,j=1,2,...,r, normalized so that P"(0) = .
Furthermore, whenever f is a continuous function in the convexity cone of
S, (%1 ,...s Xp), [ has a unique best L' approximation from S, ,, and it is
determined by interpolating f at the knots of P(x).

Proof. Lemma 4 clearly indicates that the hypothesis of Theorem 2 is
satisfied for S, ;. Thus according to Theorems 1 and 2 the unique best I}
approximation to f interpolates f at the unique points 7y ,..., 7, determined
by the condition

nyr pTieL
y (~1)zf s(x)dx =0, seS,.,. N
=0 T

The proof is completed by observing that the function

n+r 7

P = W= DY Y (D' [ -0t

satisfies the conditions of the corollary.
When r = 0, the unique points which satisfy (7) are the interior extrema
of Chebyshev polynomial of degree n + 1; see Riviin [16]. Thus

Pyx) = (1fn — DY) [ sgn T2t — D — 017

an observation due to Louboutin [5].

The existence and uniqueness of P, was first proved by Karlin in [7].

Recently, a number of papers have appeared which treat the question of
uniqueness of L! approximation [3, 4] by spline functions with fixed knots.
These papers show that any continuous function has a unique L' approxi-
mation by spline functions with fixed knots. OQur theorem gives a charac-
terization of the best approximation when f is a continuous function in the
convexity cone of S, , .

Karlin also proves in [7] the following uniqueness theorem which we will
also show to be a consequence of Theorem 2.

Before we state Karlin’s result we record below a lemma which we will
have several occasions to use.

We will say a vector y = ( 1 ,e..r Yus1) in R? weakly (strictly) alternates
provided that y is nonzero and y,; vy, <0 (y;y,4 <0), i =1,2,.., 5
In addition, we define supp(y) = {j: y; =% 0}.
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LemMmA 5. Let y be any n -+ 1 vector which (weakly) strictly alternates
and suppose 1y (X),..., Up1(X) are linearly independent continuous functions on
[0, 1]. Then

n+1 n+1

U(y) = Z au(x): Z a;y; =0

is a (weak) Chebyshev subspace of dimension n provided that {u,(x),..., u;_(x),
Ujy1(X) ey Unia(X)} is a (weak) Chebyshev system for any j € supp(y). Further-
more, any € (N; {Ko Uy yoees Us1 5 Ujiq seeey Unyq): J € SUPP( )} is in the convexity
cone of U(y).

CoroLLARY 1 (Karlin). Given any data yy,...,Yuirya and  points
0 =x;, < x5 < < Xp_pyq = L. If the divided difference of y; ,..., Virn at
X yees Xipq Weakly alternates and r < n, then there exists a unique perfect
spline P with r knots such that P(x;) = y;, i = 1,2,...,n -+ r - 1.

Proof. We denote the divided diffrerence of y;,..., Viin at X; ..., Xijin
by z; . If P(x)) =y;, i =1,2,..,n+r +1 and

n—1 7 £it1
PO =Y ax’ +dY (-1 [ 0t
=0 =0 &5

then

” Cpdi
Z; = d Z (—-1)] f M(xz seees Xitn s t) dt)
§=0 €5

where M(x;,..., X;1n » t) is @ B-spline, defined to be the divided difference

of (x — )™ at X = x;,..., X;1, - Hence the corollary will follow from

Lemma 2 and Theorem 2 provided that

r+1 r+1 )
V=33 aiM(x; ..., Xjin, 1) Y, G52; = Og
pur P

is a weak Chebyshev subspace of dimension r and its associated convexity
cone contains a Chebyshev system of dimension r. The proof of these facts
begins with the observation that every subsequence of B-splines span a weak
Chebyshev subspace [8]. Thus, since the vector z = (z;,..., z,.4) weakly
alternates, we conclude from Lemma 5 that ¥ is a weak Chebyshev subspace.

We will now show that S, .., (X5 ,..., Xpsr) © K(V). Then, since n > r
our requirement that K.(7) contain a Chebyshev subspace of dimension 7
will certainly be satisfied.

Choose any a and b, a <0 <1 < b, and extend the sequence
X1 yeees Xpopey 50 that @ and b occur with multiplicity » — 1. We label the
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resulting partition by x_,y < -+ < Xy, and observe that as a consequence
of Lemma 5 M(x; youos Xsin , ) € K(V), i = —n -+ 1,..., n + r. The subspace
spanned by these functions restricted to [0, 1]is S, npr1(Xs 50y Xnpp). Thus
the proof is complete.

Following a route similar to that taken in proof of Theorem 3 we obtain
another consequence of Theorems 1 and 2.

We will call a continunous real-valued kernel X{(x,y) a nondegenerate
totally positive kernel of order » + 1 provided that

X1 geees X

K{71 ™ = det | K(x;, y,)l = 0
(yl ERRRT] yl) I ( )])"

foranmy 0 <x, < <x <0<y < <y <li=1.,7r-+1 and,

in addition, dim U{K(x;, )ye.., K(x,, *)) = dim UK, x5),..., K(, x,)) = 7,

forany 0 < x; < - <x, < 1.

THEOREM 4. Let K(x,y) be a mondegenerate totally positive kernel of
order v — 1. Then given any Xxq,..,x,, 0 <x; < ' <x, <1, there exist
points Ty ..., Ty, 0 <7 < <7, <1, such that every f in the convexity
cone of U = U(K(:, x1),..., K(*, x,)) has a unique best L* approximation from U
which is determined by interpolating f at 7, ,..., v, . Furthermore, if the set of
Junctions {K(x, t): t € [0, 1]} is dense in L0, 1] then the points ry ,..., 7, are
unique.

The proof of this theorem depends on the following observation. Let
dp = Zj-;(l) (—1) du; , where du; is a finite positive measure supported on
{xj > x]+1§ (x() - 0: Xog1 = 1)’ J = 07 1:--'9 r. Then f(x) = f(ly K(xa Z’) di"'(t} is

in the convexity cone of U(K(:, x),..., K(-, x,)).

3. AN EXTREMAL PROBLEM

I this section we require the following lemma.

LEmMA 6. Let ¥y = (¥y ..., Yuyy) be a nonzero vector in R*' and let
{us(x)seees tn (%)} be a weak Chebyshev system on [0, 1. Then there exist
points vy, Ty, 0 =79 <1y < < 7, < Ty =1, k < n, and a con-
stant A = X y) 4 0 such that

k T+
2 (_l)jf u(t)dt = Ay;, i=1,2,..,n-+ 1.
=0 T

j

Furthermore,
1 ntl
[Al = min f Y aiui(t)‘ dt,
0 =1

silew=1
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and

[ AT = min 7l
1

[ehhu (8 db=u 81,2, ..., 1t
where || k|, = ess sup{| A(x)]: 0 < x < 1}.

The first part of this lemma follows from Lemma 1 and the Hobby-Rice
theorem. When {u,(x),..., #,.4(%)} is a Chebyshev system this result is due
to Krein and it is an essential ingredient in his analysis of the L-problem [10].
For a weak Chebyshev system, we may merely “apply some heat” as in
Lemma 2 to provide a variational proof of Lemma 6. The essence of this
observation is contained in [1]. Another application of Krein’s L-problem
for weak Chebyshev systems is discussed in [12]. Finally, we remark that an
important point in the proof of Lemma 6 is the fact that

. 1; nt+l
|As| = min fo Y au(t; 5 8) l dr,
i1

nt1
j=10v=1

where u,(t; O),..., Uny(t; 8) are defined in Lemma 2, converges to | A| as
8 — 0Ot. Using this fact we prove

THEOREM 5. Suppose that the sequence {u,(x),..., U;_1(X), U;13(X);ees Up 1 (X)}
forms a weak Chebyshev system on (0, 1) for all j =0, 1,...,n + 1; then

I A(y)| = { )\(e)la € = (1: —1‘7"'9 (_l)n)’ (8)

provided || y |l = MaX;<icnyz | Vil < L
If the sequence {u(x),..., t;_1(X), U 43(X),ees Upsy(X)} is @ Chebyshev system
forallj =0, 1,..., n + 1, then equality is achieved above if and only if y = +e.

Proof. According to our remarks preceding Theorem 5 may assume
without loss of generality that {u(x),..., #;_3(X), #;32(X);.., Upya(X)} I8 a
Chebyshev system for j = 0, 1,..., n + 1. We wish to prove thatif |} y{l, < 1
and d = | A(»)l/| Me)} < 1, then y = +e. Assume to the contrary that
d<1,llylle <1,and y 5 +e. Define A,(t) = A2 () (—1), 7; <t < 7441,
j=0,1,., k, k <n, where 7, ,..., 7 are defined in Lemma 5. We choose a
sign o, o2 = 1, so that h = o dh, — h, vanishes in a neighborhood of zero.
Clearly, h has fewer than » sign changes and is not identically zero. However,

1
f W) ut)dt = z;, j=1,2n-+1,
0
where z = ody — e is a weakly alternating vector. But Lemma 5 and

Remark 1 imply that £ has at least » sign changes. This contradiction proves
that y = +-e and the theorem.
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Observe that, according to Lemmas 1, 5, and 6, there exist points
0 =m<m < <9n < Nna = 1 such that

ki Nj+1
Y= [ u)de = NeX—1, i=1L2,a4 1 (O
j=0 nj
Let us now consider some applications of Theorem 5.
Let
W20, 11 = {f: f»1 absolutely continuous, f e L=[0, 11},
and 0 < x; < xp < ' < Xpypq1 < L. Define
Cuy) =/ SeWRO L f(x) =y, 1 =1, 2y + 7+ 1}
then we have
COROLLARY 2. Let z; = [; 0, Viyu] be the divided difference of
Vi seens Vign A X gueey Xppm » £ = 1, 2,0, 7 + 1; then

X mi (n) — I ") |
ey 2ers) 1F e = 11 Q™ e s

where Q is a perfect spline with r knots in (0, 1) such that
[Q(xi):-’-a Q(xz—i—n)] = (—1)Z> i= 19 2a'“: r—+ 1

In [2], de Boor gives upper and lower bounds for || 9™/, which are
independent of x; ,..., Xpiriq -

Let K(x,y) be a nondegenerate totally positive kernel of order r + 1.
In [13], it was shown that there exist 0 = no* < 9, * < - <9,* <9f, =1,
0 < x* < -+ < xJ; < 1such that the function

I nfy
Glx) = Y (—1y j K(x, t) dt
=0 n;*
equioscillates r 4 1 times on x,*,..., x%, ; that is,

Gl = (=) Glo, i=12..,7r+1L
Furthermore, d (%) = || G |l , where d,(X") is the rth width of the set

o = Ul K(x, £) h(t) dt: | k]l < 1
[

in L=[0, 1]. Also, for any fe ", and 0 < x; < -~ < x, << 1 for which the
vector (f (x1),..., f(x,,4)) strictly alternates we have

min | f(x)] < |Gl

I<i<r+l
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We may conclude from these remarks and Theorem 5 that

min max min The = 1/d(X).

1
00y <o <y aSL ol o<1 JoK s DB @) db=r;,6=1,2, .07 41
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